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APPENDIX A 
MATRIX ALGEBRA 

A.l Introduction: 

Fundamental to the intelligent use of computer 
programs for structural analysis and design is at least a 
basic knowledge of the methodology upon which these programs 
are based. Since approximately 1958 the language of struc
tural analysis and design has undergone a most profound 
change. The new language is that of matrix algebra and 
corresponding to it matrix notation. This is readily ob
vious to anyone attempting to follow research publications 
in this area and should serve to motivate the practicing 
engineer to understand the new language in order to impla~ent 
the vast amount of new knowledge wisely. Actually the basic 
methodology for structural analysis has not changed but only 
become more fundamental and compact. The primary reason for 
the change in the language is that computers can easily 
manipulate large blocks of numbers and solve large numbers 
of simultaneous equations much more directly than they can 
operate on methods such as moment distribution. Hence, a 
brief definition of matrix notation, a descriotion of basic 
operations employing matrix algebra and sorne.exarnple applica
tions of matrix techniques follow. These methods form the 
basis for STRUDL's internal operation. 

Definition and Notation: 

A matrix is defined as a rectanaular block, or 
array, of numbers composed of m rows and n columns. For 
example: 

6 1 
= 2 -8 

1 -3 

Here we have the matrix A composed of m = 3 rows and n = 2 
columns containing six coefficients aij. The first index on 

the coefficient within the array defines its row position and 
the second index defines its column position or = 1,a31 
where a31 is the element in the third row and first colQ~. 
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A.2 	 Matrix Ooerations: 

Addition and Subtraction: 

Two or more matrices of the same size (those having 
the sa~e n~~er of rows and col~~s) may be added or subtracted. 

(CJ2x2 = [AJ2x2 + [BJ2x2 =~ -!]+ b! ~J=b~ _:] 
[DJ2x2 = [AJ2x2 - [BJ2x2 =~ -!]- b~ ~]=[~ -3 J 

-10 

or c· · =aij + bij , dij =a·· - b· · ~J 	 l.J ~J 

II Multiolication: 

The oroduct of two matrices (A) (B) is ecrual to a 
matrix (C) having the same number or rows as (A) a~d the sa~e 
number of columns as (B). The product (C) can only exist 
when the number of rows in (B) is the same as the number of 
columns in (A) • For exa~ple: 

[A] . [8] 	 [CJ 
a11 a12 	 bl2 ell c12 c13~11 bl~ 

a21 a22 b21 b22 b23 = c21 c22 c23 

a31 a32 	 2x3 c31 c32 c33 

a41 a42 c41 c42 c434X2 
4x3 

The coefficier.ts c ,.... in matrix (C) are dete~ined .....from ~..ne 	 rela~ic~ -~ n 
C - ""' al.·k bk J.ij - L.... 

k=l 

where n is -·~C::: nurnber of rows in (:S ) .---...... t::he r6 UJ.'"'rib er of c~ l:.1:::u.'1.s 
in (A) . As an e:<a"np 1e, in t-he above proC.'J.ct 

+cl2 = all bl2 a12 b22 .£!..c23 a21 bl3 + a22 b23 

cij = (ith row of [A] x the jth column of (8] ) 
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One way that may facilitate remembering the multi 
plication procedure is that 

Exa1nple 1: 

Find the product of matrix A and B. 

A=~ ~ 
· [:i _;j3x2 2x2 

[A][BJ = G ] ~ ] =G ~ 
3x2 

Examole 2:. . 

As a simple exa1nple of a matrix formulation 
illustrative of the multiplication process consider the pin 
connected truss of Figure A.2a. 

Fig. A.2a 

At joint B we have the external forces and P2 .P1 
If we consider the equilibrium of Joint B, Figure A.2b, we 
have 

Fig .. A. 2b 
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L FH = 0 

or, P1 =F1 cos + F2 cos a . . . . . . . . . . . . . . . < 1 > 

2: Fv = ·a 
or, P2 =-F1 since+ F2 sin B ( 2 ) 

Equations (1) and (2) may be written in matrix form as 

~~] {::_: :: ~ = ~~1·. ............. ........( )3 

If we apply the above role for multiplication we 
would see that Eq. (3) is the same as Eq.'s (1) and (2), we 
can write Eq. (3) in an even more abbreviated manner as 

{PJ = (A] F . . . . . . . . . . . . . . . . . . . ( 4) 

(A] = fC~s CC casal, and {F} = 
{Pj = ~~] ~J.n 0: sinBJ 

Basically t~en ~atrix notation, sue~ as Eq. (4), 
is a short hand way of writing a system of equations. 

E:xa.1·~ple 3: 

Suppose we are given the following relationships 

zl =6yl + Y2 Yl = 3Xl + 4X2 

z2 =2yl ay2 +
Y2 = 4Xl 2x2 

z3 = Yl - 3y2 


and one wJ.snes to eX?ress the z values as a f·..:.nction of th.e 
x values. This can be done by direct s~stitu~ion as fellows 

A-5 




z1 = 6 (3X1+ 4X2) + 1 ( -4X1+ 2X2) = [ ( 6 )(3) + ( 1 )( -4)] X1+[ ( 6) ( 4 )+( 1 )( 2)] x2 
=14X1 + 26X2 

z2 =2(3X1+ 4X2) -8(-4X1+ 2X2 ) = [(2)(3)+ (-8)(-4)] X1+ [(2}(4)+(-8)(2)] x2 
= -38X1 -8X2 

z3 =1(3X1+ 4X2) -3(-4Xl+ 2X2) = (1)(5)+(-3)(-4) X1+ (1)(4)+(-3)(2) x2 
=15Xl - 2X2 

This operation also could have been performed using matrix 

multiplication by writing 


{z] 3x1 = [AJ3x2 {Y] 3xl. [YJ 2x1 = [8] 2x2 [x} 2x1 


and then by substitution 


{zJ 3x1 = [AJ3x2 [BJ 2x2 = lxj 2xl = [CJ3x2 tX) 2x1 


Where 


[CJ,ax4 = [AJ3x2 (8} 2x2 and cij = ~ 

Or in general 

[C]LXN [A]LXM [8]MXN 

U14 
38 
15 

k=1 
M 

and cij = L 
k=1 

] [! ~ 
-8 

-2
J 

26x~~::~• • • {z} = [CJ3x2 { x} = 	 -8x2 
-2x2~5x1 

Notice that the results are identical. 
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III Matrix 	Inversion: 

The inverse, {A) -l, of a square matrix (A) is 
defined such that 

[A] [A]-1 = [A]-1 [A] = [1] (5) 
where {I) is defined as the unit matrix. {I) is a square 
matrix with l's on the main diagonal and zeros elsewhere. 
For example, a 3x3 unit matrix is 

[IJ = [~ ~ ~] 
We can visualize operations with the inverse matrix by a 
parallel with division i.e., if 

z =xy 
then x =z/y =z(y)-1 
note that (y)(y)-1 = YIY = 1 (6) 

obse~Je the 	similarity of E~.·s (5) and {6). 

Now that we 	 know what the inverse matrix is C.efined 
l.-. set ofto be, how do we find "+- Suppose we a.,..,. given the 

equations 

allxl + a12x2 + a13x3 = Yl all a12 	 a13 Yl 

a21x1 + a2ZX2 + a23x3 = Y2 or a21 a22 	 a23 = Y2 

a31x1 + a32x2 + a33x3 =Y3 	 a31 a32 a33 x3 Y3 


- ..... 
 vand we wish 	to express the X as !:UnC-~On of .- I that is 

bllyl + b12Y2 + b13Y3 = xl 	 xlbll bl2 	 bl3 

b21Y1 + b22y2 + b23Y3 = x2 or 	 b21 b22 b23 = x2 

b31Y1 + b32Y2 + b33y3 = x3 	 b31 b32 b33 x3 

'tJr. a:: we are 	as.c<:.r:g is t!"lat knowing the coeff:.cier:ts of ( _:,.) ,...hew may one 	C.eter:nine .... .:1 e coefficients i:"l. t"he in~le:-s e rr.a~r:.:{ (3) ? 
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Take as the values of Y, = 1, = 0, 0,yl y2 y3 = 
then 

allxl + a12x2 + a13x3 =1 

a21x1 + a22x2 + a23x3 =0 

a31x1 + a32x2 + a33x3 =0 

b11(1) ~ bl2(0) + b13(0) =x1 x1 =b11 

b21(1) + b22(0) + b23(0) =x2 x2 =b21 

b31(1) + b32(0) + b33(0) = x3 x3 = b31. 

Therefore, if we determine the values of x by solving 
the first set of simultaneous equations, we will have the first 
column of the (B) matrix. If we then take y1 = 0, = 1, = 0y 2 y 3 
and solve the first set we obtain the solutions constituting 
the second column of (B). Therefore if we haveN equations in 
N unknowns we must solve N sets of simultaneous equations to 
obtain the N columns of the (B) matrix. 

The above relationship can be written in matrix 
form a3 

[AJ {x} = {YJ and (BJ {Y) = (x] 
Notice that if we substitute for (X) in the first of these we 
obtain 

[A] [8} (Y} = [A][A]-1 (YJ = tr) 

and that the only way this relationship can hold is if 

[A] (A]-1 =[I] 

Therefore, if we can find the inverse of a given matrix by 
some method, we can check its correctness by multiplying the 
given matrix by its inverse to see if the unit matrix is 
obtained. The reader may wish to do this to augment his 
understanding of matrix multiplication and to verify the 
preceding inversion. Many volumes have been written on 
different methods of inversion and simultaneous equations 
solution. These methods will not be discussed here, and it 
·is left to the initiative of the reader to familiarize hi~
self with them. 
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IV Svrnmetrv and Transnosition: 

Two additional definitions of particular importance 
in structural theory a~ploying matrices are the symmetric 
matrix and the transpose matrix. A symmetric matrix is a 
square matrix where the coefficients are symmetrical about 
the main diagonal (i.e., aij = aji). For example, 

Main Diagonal 

A matrix (B) is defined to be the transpose of the 
matrix (A) if and only if b .. = a .. , or 

~J J~ 

(8] = (A]T = r~ ~ where· (A] = r3 	 2 

4
l~ ~ . l 1 

or to put it another way, the rows and columns have been 
inte=changed. 

Example 4: 

Find ~~e transpose of 

5 ·61 

8 1~ 

Interchanging Rows & Columns: 

AT = [! ~ 
. ·6 1~ 
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A.3 Apolication to Structural Analysis: 

Example 5: 

Analyze the truss shown in Figure A.3a by using 
the principles of matrix algebra. 

II 

8' 

GEOMETRY LOADING 1 LOADING 2 MEASURENENTS 

Fig. A.3a 
The most fundamental way of analyzing this problem 

is to write the two equations of equilibrium available at 
each joint. First observe that any loading system may be 
defined by two components at joints A and B, which are free 
to move in any manner, and a component at joint D which is 
constrained to move only in the horizontal direction. Also 
note that these five components are sufficient to define any 
system of applied loads P and if the displacements in the 
five directions were known, the displaced .state of the entire 
truss would be completely defined. Hence let us refer to 
this structure as having five degrees of freedom. Additionally 
there are three constrained displaca~ent quantities and cor
respondingly thre~ unknown reaction components R1 , R2, and R3 • 

It is important to note that in all structures there will exist 
this one-to-one correspondence between joint displacements and 
known joint loads sufficient to totally describe the loading 
and displaca~ent behavior of the structure. Now, assuming 
the applied loads and unknown reactions as positive in the 
sense of the arrows and the unknown bar forces as tension, or 
pulling on the joints, write the eight available equations of 
joint equilibrium. 

p1 + F2 =0 p1 0 -1 0 0 0 F1 

p2 F1 =0 p2 .,... 0 0 0 0 F2 
p3 - F2 0.8 F4 =0 

p3 = 0 +1 0 +0.8 0 F3 
p4 - Fs =0 

p4 0 0 0 0 +1 F4
Ps - F3 - 0.6 F4 =0 

Ps 0 0 +1 +0.6 0 Fs 
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F1+ F1 + 0.6 F4 =0R1 R1 -1 0 0 -0.6 0 
R2 + 0.8 F4 + F5 = a F2 

R2 = 0 0 o. -0.8 -1 
F3R3 + F3 = a 


R3 a a .1 0 0 
 F4 

F5 

In matrix form these can be written as 

{P}5x2 = [AJsx5 {F) 5x2 

fR}3x2 = [ARJ3x5 {F} 5x2 

The solution may then be obtained by solving the five 

simultaneous equations or by the inverse method. 


-1 = [AJ5x5 

The solution of this probla~ may be found to be 

0. +1. a. a. 0 - 4. -10 
-1. 0. a. a. -10 - 3. 0 

(F) = CArl {Pj = -a.75 o. ... 0.75 a . 4 -12.2:: +3= 
0. 0. a. +l, 0 a. 0 

- 4 -10 
a. a. -0.6 - 3 a ~ 1.75 +1~(R} = [~] (F} = 0. a. a. -0.8 -12.25 +3 = 3 + 4 e· ]a. 0. -1.. a. + 3.75 -5 12.25 -3 -0. a 

It is significan~ to note t~at the solution to this 
proble~ re~uires only a knowledge of the geome~ry (defined by 
the coordinates of the joints) and the magnitude of the applied 
loads. This is only possible because the systa~ is statically 
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determinate and the solution does not require consideration 
of the conditions of compatibility. A condition of deter
minacy is defined when the degree of freedom NP is equal to 
the number of unknown internalfbrces NF. This becomes imoor
tant in using STRUDL when it is desired to carry out an 
initial approximate determinate analysis in the preliminary 
design stage of an indeterminate structure. Notice that this 
problem is the same as Problem 2.2 in Chapter 2. 

Exa,.,."llple 6: 

Next consider the beam shown in the following.sketch. 

; i ~~I i~ ' ' 
3KLF 

1 
l. 

HINGE LOADING At-D GEOMETRY -- 4'I . 1s· ... -I ..I 

(l p~ p2 ~p4 EXTERNAL COORDINATESRl 1Btr (DEGREES OF FREEDOM)

r2 i~ ~R3 
4

~(1 )a( )?£r INTERNAL COORDINATES 

Fig. A. 3b· 

\'li thout the hinge the structure is indeterminate 
to the first degree and hence the solution would require a 
knowledge of the beam properties and application of the con
dition of compatibility and stress-strain. By inserting the 
hinge the beam is made determinate and the analysis requires 
only the equations of equilibrium. In general, defining the 
number of equilibrium equations requires a determination of 
the degree of freedom. Again this determination may be made 
by finding the number of displace~ent quantities required to 
completely define the end displacements of each element in 
the structure. In a continuous beam it is necessary to define 
the end displacements normal to the ela~ent axis and the end 
rotations. In this example there are four unknown displace
ment quantities required to satisfy this condition. while 
_there are three known displacement quantities associated with 
the three unknown reaction components. 

To write the equations of joint equilibrium it is 

first necessary to transfer the applied member loads to the 

ends by looking at ela~ent equilibrium. 
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3lLF 3lLF 
F1 (t I ~ \ ) Fz F3 (t I I J )%F4 

tv1 tVz fv3 fv4 

F1 + F2 -- F1 + F2 ~ 18 +18vl = Vz-
12 12 

F3 + F4 V - F3 + F4v3 = ~6 4 - + 6 
4 4 

Fig~ A.3c 

Then joint equilibrium becomes: 


Fig. A. 3d 
p1 + F2 = a p1 a. 1 a. a. F1 
p2 - F3 = a p2 a. a. 1. a F2= 
P3 + Vz ~v3 = a P3+24 ~1/12 ~1/12 +1/4 +1/4 F3 
p4 - F4 = a p4 a. a -1/4 -1/4 F4 

R1 - Fl = a Rl 1 a a a F1 
R2 - v1 = a Rz+18 = +1/12 +1/12 a a Fz 
R3 + v4 = a R3+6 a a -1/4 -1/4 F3 

The solution of this problem becomes: F4 

+1 +3 -12 +3 a. -288. 
-1 a. a. a. a. a.EAr1 (P}=lF}= = o. 1. a. a. 24. a. 
a. a. a. 1. a a. 

288. 

G· 
a. a. a ~-288. ·0 Yl

1/12 a. a. a• • I"( .J {F} = fR} = /12 OJ = -24. 42-18 , I t28TI 
a. a. -1/4 -1/4 a. a. - 6 ) 6 
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-· ·r Example 7: 

Analyze the frame shown in Figure A.3e. Neglect
axial deformations. 

2 lLF 

A 

~121{ 
Hinge 

GEOMETRY 	 LOADING 1 LOADING 2 

Fig. A.3e 

Fig. A.3g 

Fig. A.3f INTERNAL CO-ORDINATES 

EXTERNAL CO-ORDINATES 
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p3 -F4 =0 

P4 + v4 -vs =o 

Fe; +p4 + F3 +F4 F6__,.,_ __..;:. = 0 
8 6 


P5 -F5 =o 


P6 -F6 =o 
F-s +F5R3 -v6 = 0 R3 - =O v5 cs> -F5 -F6 = O· 6 


R4 -A6 = 0Vs =Fs • F6 
6 


Vs = 

. R1 + R3 + 0 =01 

LOADING 1


R2 + R4 -20 =0 

R 1 + R 3 +12 = 0 ) LOADING 2
R2 + R4 + 0 = 0 
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P1 = F1 


P2 = F2 + F3 


P3 = F4 

P4 = -1/8 F3 -1/8 F4 +1/6 F5 +1/6 F6 


Ps = Fs 


P6 = F6 


R1 = 1/6 F5 -1/6 F6 


R2 ~10 = 1/10 F1 -1/10 F2 

Lr.J 

R3 =+1/6 F5 +1/6 F6 	 ~ 
u 

R4 -20 = -R2 = 1/10 F1 + 1/10 F2 -10 ~ R4 -10 = 1/10 F1 +1/10 F2 

R1 +12 = -1/6 F5 -1/6 F6 


R2 = -1/10 F1 -1/10 F2 

LOADING 2 

R3 = 1/6 F5 +1/6 F6 ... 
R4 = 1/10 F1 +1/10 F2 

(P} = [A] (FJ 

p1 1 0 0 0 0 0 F1 


p2 0 1 1 0 0 0 F2 


p3 0 0 0 1 0 0 F3 
= 
p4 0 0 -1/8 -1/8•1/6 +1/6 F4 

Ps 0 0 0 0 1 0 Fs 


P6 0 0 0 0 0 1 


A-16 



REACTIONS 

R =[AR] F 

LOADING 1 

. 
R1 

R2+10 

R3 
R4-30 

0 a 
-1/10 -1/10 

0 0 

1/10 1/10 

0 

0 

0 

0 

0 

0 

0 

0 

-116 

0 

1/6 

0 

-1/6 

a 
1/6 

0 

F1 

F2 

F3 

F'4 

Fs 

Fs 

[A]-1 = 

1 
0 
0 
0 
0 
0 

a 
1 
0 
0 
0 
0 

0 
1 

-1 
11 

0 
0 

a 
8 

-a 
0 

0 
0 

0 
-8/6 
+SIS 

0 ,-
0 

a 
-8/6 
+8/6 

0 
0 
1 
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F1 1 0 0 0 0 0 0 0 
F· 0 1 1 .8 -1.33 -1.332 0 0 

F3 0 0 -1 -8 +1.33 +1.33 0 0-
F4 0 0 1 0 0 a 0 0 

Fs 0 0 0 0 1 0 0 0 

F6 0 0 0 0 0 l 0 0 

{F} = {o] 

R1 =0 

R2 -10 =0 R2 =10 

.·- ... R3 =0 R4 =10 
·.. R4 -10 

LOAD!~ 2 

1 0 0 0 0 0 0 0F1 

0 1 1 8 -1.33 -1.33 0 -96F2 

0 0 -1 .-8 . +1. 33 +1.33 0 +96F3 == 0 0 1 0 0 0 -12 0F4 

0 0 0 0 1 0 0 0Fs 

F§_j 0 0 0 0 0 1 0 
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0 

R1 +12 0 0 0 0 -1/6 -1/6 0

-96 
R2 -1110 -1/10 0 0 0 0 9.6 

::: +96
R3 0 0 0 0 1/6 1/6 0= 0R. 1/10 l/10 0 0 0 0 -9.64 0 

0 

R1 = -12 R3 = 0 

R2 = 9.6 R4 = -9.6 

A-19 





